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1. Introduction 

Let E = be the four dimensional Euclidean vector space. Let C E be the unit sphere equipped 
with the induced Riemannian metric. A minimal surface M ^ is by definition an immersed surface 
' with vanishing mean curvature, which locally gives an extremal for the area functional. The differential 
equation for minimal surfaces is an elliptic Monge- Ampere equation defined on the unit tangent bundle 
of S^. It is well known that the minimal surface equation is locally equivalent to the elliptic sinh-Gordon 
equation for one scalar function of two variables; 

(1.1) An + sinhn = 0. 

Given a surface M ^ S^, consider the cone O * M ^ E over the origin O G E. Then M ^ is 
minimal whenever O * M E is minimal as a hypersurface in the Euclidean space E. In this respect, 
a minimal surface M S^ is called algebraic of degree m if there exists a nonzero irreducible degree 
m homogeneous polynomial : E — )• M which vanishes on M. A nonzero irreducible homogeneous 
polynomial F defines a (possibly singular) minimal surface when 

(1.2) |VF[2 AF - (VF)* • H{F) ■ (VF) = 0, mod F. 
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Here VF, AF, H(F) denote the gradient, the Laplacian, and the Hessian of the function F respectively 
with respect to the Euchdean metric of E, \}is\ p260]. 

Hsiang classified the homogeneous minimal hypersurfaces in the standard Euclidean spheres, [Hs]. In 
|Hs| . he also showed that the totally geodesic 2-sphere and Clifford torus are the only algebraic minimal 
surfaces in of degree < 2. Lawson constructed an infinite sequence of algebraic minimal tori (or 
Klein bottles) in of arbitrary high degree, |La| . Hsiang and Lawson gave an analysis for the minimal 
submanifolds of low cohomogeneity in general Riemannian homogeneous spaces, where, in particular, 
the Lawson's sequence of algebraic minimal tori are extended to a countable family of cohomogeneity 1 
minimal tori in S^, |HsH p32]. 

Recently, Perdomo gave a characterization of degree 3 algebraic minimal surfaces in as one of the 
Lawson's algebraic minimal tori, |PeH [Pe2j. One of the main idea of his analysis is that such a minimal 
surface necessarily contains a great circle, which puts the defining cubic polynomial into a special normal 
form. The minimal surface equation (jl.2p is then applied to successively normalize the polynomial 
coefficients by differential algebraic analysis. 

The purpose of the present paper is to give an analytic characterization of degree 3 algebraic minimal 
surfaces in S^. We employ the method of local differential analysis and show that Lawson's algebraic 
minimal torus of degree 3 is the only minimal surface in which satisfies the compatibility equation to 
lie in the zero locus of an irreducible cubic polynomial. 

Main results. 

1. The structure equation for the degree 3 algebraic minimal surfaces in is determined. Theorem 
14.11 The analysis for the structure equation provides the formula for the defining cubic polynomial, and 
it is explicitly identified as the Lawson's degree 3 example. 

2. The structure equation shows that the degree 3 algebraic minimal surface is the conjugate surface 
of a principally bi-planai3 minimal surface. It has the Killing nullity 1, and the curvature takes values 
in the closed interval [—3, |]. 

Let us give an outline of the analysis. The problem of finding an algebraic minimal surface in can 
be interpreted as the problem of finding a solution to the sinh-Gordon equation (jl.ip with the property 
that it admits an associated, in a certain algebraic manner, polynomial F which satisfies (jl.2p . This is 
equivalent to finding a constant section of an appropriate tensor bundle over the minimal surface which 
vanishes when evaluated on the surface. As the degree of F increases, this problem imposes a sequence 
of compatibility equations on the higher order structure functions of the minimal surface. For the degree 
3 case treated in this paper, the compatibility equations are reduced to a pair of third order equations. 
Main results are obtained by applying the over-determined PDE analysis to these equations. 

The present work can be considered as a coordinate free and equivariant interpretation of the afore- 
mentioned Perdomo's original characterization. Compared to his analysis, one possible advantage would 
be that this interpretation of an algebraic minimal surface is susceptible to local analytic method, and 
could be, in theory, applied to general higher degree cases. However, it is practically difficult to perform 
the required computations manually. Our analysis relies essentially on the use of computer machine. 
On the other hand, our analysis also suggests as a byproduct a distinguished class of minimal surfaces 
defined by an additional fourth order equation (A4 = in (14. Sh ). An analysis of this class of minimal 
surfaces will be reported in the subsequent paper. 

We carried out the analysis for the degree 4 algebraic minimal surfaces by the same method used in 
this paper0 The analysis indicates that such a minimal surface is one of the family of cohomogeneity 1 
minimal tori described by Hsiang and Lawson. Partly due to the length and complexity of the algebraic 
analysis involved, we do not present the details of the analysis for degree 4 case in this paper. 

^ A minimal surface in S'' is principally bi-planar when each of its principal curves lies in a totally geodesic C S^, 
[Ya] . There exist locally one parameter family of distinct principally bi-planar minimal surfaces in S^. 

^ The analysis of the degree 4 algebraic minimal surfaces was the original motivation for the present work. One needs a 
characterization of the degree 3 surfaces first to exclude them from the analysis for the degree 4 surfaces. 
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In a different context, similar analysis can be applied to special Legendrian surfaces in the 5-sphere, 
which are the links of special Lagrangian 3- folds in C^, [Haj . A special Legendrian surface is called 
quasi- algebraic of degree m if it lies in the zero locus of a nonzero irreducible degree m real homogeneous 
polynomial : C'^ — )• M. The analysis shows that; 

1. a quasi-algebraic degree 2 special Legendrian surface is necessarily one of the cohomogeneity 1 
surfaces treated by Haskins, jHaj . 

2. a quasi-algebraic degree 3 special Legendrian surface with an appropriate Z3 symmetry is necessarily 
a quasi- algebraic surface of degree 2. 

The computation indicates in fact that any quasi-algebraic degree 3 special Legendrian surface is 
necessarily a quasi- algebraic surface of degree 2. We do not have a complete proof of this claim at this 
time of writing. 

The paper is organized as follows. In Section [21 we set the basic structure equation for the minimal 
surfaces in S^, and compute its infinite sequence of prolongations, (j2.8p . Lemma [2.14i In order to simplify 
the computations, the induced complex structure on the minimal surface is utilized, and the structure 
equations are written in complex form. In Section [3l we give a description of the method to detect the 
compatibility equations for a minimal surface to be algebraic. The method is applied to two simple 
cases of degree 1, and degree 2 algebraic minimal surfaces, Theorem 13.61 Theorem 13.81 In Section HI we 
present the results of differential analysis for degree 3 algebraic minimal surfaces. Theorem 14.11 After 
a preliminary reduction in Section 14. H the analysis is divided into two cases. The differential analysis 
shows that a degree 3 algebraic minimal surface necessarily satisfies an auxiliary equation either of order 
3, Section 14.21 or of order 4, Section 14.31 The auxiliary equation of order 3 is compatible and supports a 
defining irreducible cubic polynomial, which is explicitly verified as the one given by Lawson. 

The majority of computations were performed using the computer algebra system Maple with dif forms 
packagell 

Throughout the paper, a surface is a connected smooth two dimensional manifold. 



2. Minimal surfaces in S^ 

In this section, we set the basic structure equations for a minimal surface in S^. In Section [2.11 we 
apply the moving frame method to determine the structure equation for an immersed oriented minimal 
surface in S^. In Section [221 we compute the infinite prolongation of the structure equation explicitly. 
Lemma 12.141 

The analysis and results in this section are classical, and well known. For the standard reference on 
the theory of minimal surfaces in S^, we refer to |Laj and the references therein. 

The basic structure equations established in this section will be used implicitly throughout the paper. 



2.1. Structure equation. Let E = be the four dimensional Euclidean vector space. Let S^ C E be 
the unit sphere equipped with the induced Riemannian metric. The special orthogonal group SO4 acts 
transitively on S^ as a group of isometry, and S^ = SO4/SO3. 

Let A — > S^ be the S^-bundle of unit tangent vectors. Let Gr+(2, E) be the Grassmannian of two 
dimensional oriented subspaces of E. SO4 acts transitively on both A and Gr"'"(2, E), and there exists 
the incidence double fibration; 



The Maple worksheet is available upon request by email. 
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SO4 

4, vr 

A = SO4/SO2 
vro/ \vri 

Gr+(2, E) = S04/(S02 x SO2) 
Figure I^TTl Double fibration 

To fix the notation once and for all, let us define the projection maps vr, tto, and vri explicitly. Let 
e = (eo, ei, 62, 63) denote the SO4 C GL4R frame of E. Define 

(2.1) 7r(e) = (eo, eo Aes), 

7ro(eo, eo A es) = eo, 

7ri(eo, eo A es) = eo A es. 
The S04-frame e satisfies the structure equation 

(2.2) deA = Y,^BCoi, 

B 

UJ^ + LO^ = 0, 

for the Maurer-Cartan form (uj^) of SO4. (<^^) satisfies the compatibility equation 

(2.3) doj^ + '^uj^ Auj^ = 0. 

c 

Let X : M ^ S"^ be an immersed oriented surface. By the general theory of moving frames, there exists 
a lift X : M ^ A such that eo = x, and es is the oriented normal to the surface x. Let x*S04 ^ M be 
the pulled back S02-bundle. We continue to use (w^) to denote the pulled back Maurer-Cartan form 
on X SO4. From dH]), ([221), the initial state of {uj"^) on x*S04 takes the form 



(2.4) {u 



B) 



V • '^l ^2 -J 

Here '■' denotes zero, and ujq = uj^, A = 1, 2. By definition, I = (deo, deo) = (w^)^ + (w^)^ is the 
induced Riemannian metric of the immersed surface, where ( , ) is the inner product of E. 
Differentiating Wq = 0, one gets 

U}f A uj^ + uj^ A uj^ = 0. 

By Cartan's lemma, there exist coefficients h^B, A,B = 1,2, symmetric in indices such that 

uj\ = y^^hAB 

B 

The structure equation shows that the quadratic differential 
(2.5) II = uj\ o uj^ = hAB ° 

is well defined on M. II is the second fundamental form of the immersed surface x. 

Definition 2.6. Let x : M ^ be an immersed oriented surface. Let II be the quadratic differential 
(j2.5p which is the second fundamental form of the immersed surface x. x is minimal when the trace of 
the quadratic differential II with respect to the induced metric 1 vanishes, or equivalently when 

hll + /l22 = 0. 
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From now on, a minimal surface would mean an immersed oriented minimal surface. 

In order to utilize the induced complex structure on M as a Riemann surface, let us introduce the 
complexified structure equation. Let E*' = E (8> C be the complexification, and consider the following 
E'^-frame. 



(2.7) 



(eo, El, E_i, es). 



El 
E^i 



1 



2 
El. 



(ei - ie2). 



-1, 



Rewriting ()2.2|) . (|2.4p with respect to e^, one gets 
(2.8) 





-\<jJ 




J_ \ 




-\p 




-h2U) 


uJ 






-h20J 




\h2OJ 


\h2UJ 


■ J 



where we set 



UJ 

P 

h2 



UJ 



lOJ 



25 



/ill - i/ii2- 

Differentiating (|2.8p . one gets the compatibility equations 
(2.9) duj = ip Auj, 

dp = K— UJ Auj, where K = 1 — /i2/i2) 
d/i2 + 2 i /12/5 = 0, mod uj. 
Here K is the curvature of the induced metric on the minimal surface. 



Remark 2.10. The subscript '2' in the notation '/12 ' represents the weight of the action by the structure 
group SO2. It is convenient for a computational purpose. 



houj o UJ 



(|2.9p shows that the quadratic differential 
(2.11) II"^ 



is well defined on M, and is holomorphic with respect to the complex structure on M defined by the 
(l,0)-form UJ. 11^ is the complexified second fundamental form of the minimal surface. 

Definition 2.12. Let x : M ^ be an immersed oriented minimal surface. The holomorphic quadratic 
differential 11^, ()2.1ip . is the Hopf differential of the minimal surface. The zero set of 11*^ is the umbilic 
divisor. 

Example 2.13. Consider an immersed minimal sphere S'^ ^ S'^. Since supports no nonzero holo- 
morphic differentials of positive degree, 11^ = and the structure coefficient /i2 vanishes identically. A 
minimal sphere in is necessarily totally geodesic. 

Conversely, it is clear from the structure equation (j2.8p that a minimal surface in with /12 = is 
locally equivalent to the totally geodesic sphere. 

For a compact minimal surface M ^ of genus g > 1, the umbilic divisor has degree Ag — 4 hy 
Riemann-Roch theorem. In particular, the umbilic divisor of a minimal torus is empty. 
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2.2. Prolongation. In this section, we compute the infinite sequence of prolongations of the structure 
equation (|2.9p . The prolonged structure equation will be used implicitly for the differential analysis in 
Section HI 

Let us introduce the higher order derivatives of the structure coefficient /12 in (j2.9p inductively by 

dhj + ijhj p = /ij+i m + hj^-i uJ, j = 2, 3, ... . 

For a notational purpose, denote h-j = hj, j = 2, 3, ... . For instance, the curvature of the surface is 
written as K = 1 — /i2/i2 = 1 — /i2^-2- 

Lemma 2.14. 

h2,-i = 0, 

hj+i-i = ''^^Cjshj-sd^K, for j > 2, where 

s=0 

_ {j + s + 2) (j-1)! + g + j \ 

2 (j-s -2)1(3 + 2)1 2j {s + 2j- 

Here by definition d^K = (Jqs — /i2+s^~2 for s > 0. 

Proof. Differentiating dhj and collecting oj A oJ-terms, one gets 

^i+i -1 = -1 + I ^> 

where dhj-i is the cj-component of dhj^^i (d^K is defined similarly). The formula is verified by direct 
computation. Note that 

(j+2)(i-l) 
Ojo , 

«i0-2) = 1- □ 

Example 2.15. Consider = C C = C^. Clifford torus is the minimal surface in defined as the 
product of circles 

{{zi,Z2)eC^\ |zi|2 = |z2p = i}. 

The induced Riemannian metric is flat, and the curvature K vanishes. Lemma \2.14\ shows that 

= dK = -/l3/l_2. 

Clifford torus is not totally geodesic, and this implies h^ = 0. 

Conversely, consider a minimal surface in such that the structure function /13 = 0. By Lemma 
\2.14\ = h2K = 0, and either h2 = 0(and K = 1), or K = 0. In the latter case, it is well known 
that the surface is locally congruent to Clifford torus. 

3. Algebraic minimal surfaces 

Let S'™(E) be the vector space of real, homogeneous degree m polynomials on the four dimensional 
Euclidean vector space E. By the metric duality, we identify S'"*(E) with the space of symmetric m- 
tensors 5ym™(E). Let 5(E) = e~^o 5™(E). 

Definition 3.1. Let x : M ^ C E 6e a minimal surface in the unit sphere, x is algebraic if 
there exists a nonzero homogeneous polynomial F £ S{M) which vanishes on x. For each m > 0, let 
j-m (- 5"™ (IE) he the subspace of degree m polynomials vanishing on x. Degree of an algebraic minimal 
surface x is the minimum integer m such that is nontrivial. 
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Note by definition that for an algebraic minimal surface x of degree mo, is nontrivial for all m > niQ. 

In this section, we first describe the idea of how the over-determined PDE analysis can be applied to 
detect the compatibility equations for a minimal surface to be algebraic. Section 13.11 We then apply this 
to the cases of degree 1, and degree 2 algebraic minimal surfaces. Section [3^ Section \3M 

We continue to use the structure equations established in Section [2j The method of local differential 
analysis described in this section will be applied to degree 3 algebraic minimal surfaces in Section HI 

3.1. Structure equation. Let x : M ^ S^ be a minimal surface with the associated complexified frame 
e^, dZZD- Consider the trivial bundle 5"(E) x S^ ^ S^ and the induced bundle x*(5"^(E) x S^) ^ M. 
A section of x*(S™(E) x S^) over M can be represented in terms of the frame as follows. 

i+j+k+l=m 

F= ^ pijkielfcl^E'^Ei^, Pijki=Pijik, 

i,j,k,l>0 

for a set of coefficients Pijki- Equivalently, such F is an S'™'(E)-valued function on M. 

The condition that F is a constant section, or F € ^"^(E) with an abuse of notation, is expressed by 

(3.2) dF = 0. 

Expanding the exterior derivative dF by Leibniz rule in the variables {eo, 63, Ei, E^i }, one gets the 
structure equation for the coefficients {pijki }; 

(3.3) dpijki = ^ (plj'f^f ' Pi'j'k'i' , 

where (pljj^i ' is determined as a linear combination of the components of the Maurer-Cartan form (j2.8p . 

Remark 3.4. The formulae for {(pljf^i^ } will be given explicitly in Section W^ Section COi Section^ 
for the cases m = 1, 2, 3 respectively. 

The condition that the polynomial F vanishes on x is expressed by 

(3.5) Pmom = 0. 

The idea is then to apply the structure equation (j3.3p repeatedly starting from the initial state (|3.5p by 
using (j2.9p and (j2.14p . As one differentiates, the successive derivatives of (j3.5p imply more and more 
linear compatibility equations on the polynomial coefficients {pijki }, thereby reducing the number of 
independent coefficients. 

In the case F is irreducible, the reduction process eventually leads to a single independent polynomial 
coefficient, and the integrability equations for a minimal surface to support such an irreducible polynomial 
are expressed as a set of algebraic equations on the structure functions { h±2, /i±3, ... }. For the minimal 
surface satisfying these integrability equations, the formula for F is obtained by evaluating the polynomial 
coefficients at an appropriate generic point of the minimal surface. 

In the next two sections, we examine the well known cases of degree 1, and degree 2 minimal surfaces 
following this method just described. These two cases not only serve as exercise for the differential analysis 
of the more complicated case of degree 3 surfaces in Section [H but they are also necessary prerequisites. 
From the remark below Definition 13. H one needs the characterization of degree 1, and degree 2 algebraic 
minimal surfaces to exclude them from the analysis for the degree 3 surfaces. 

3.2. Degree 1 algebraic minimal surfaces. In this section, we give a characterization of degree 1 
algebraic minimal surfaces. 

Theorem 3.6. Let x : M S^ C E 6e an algebraic minimal surface of degree 1. Then the structure 
functions satisfy 

h±2 = 0. 

The minimal surface is congruent to a part of the totally geodesic sphere. 
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Proof of theorem is presented below in 3 steps. 

Let us write a real, homogeneous degree 1 polynomial F € ^^(E) in terms of the frame . 

F = Poeo+PiEi +p_i£'_i +^363 G S'^(E). 

The equation dF = is equivalent to the following set of structure equations for the polynomial coeffi- 
cients. 

(3.7) dpo - p-iuj - piiJ = 0, 

dp3 + Plh20J + p_i/i_2t^ = 0, 

1 1 _ 

dpi -ipip+ -pqoj - -p-ih^2^ = 0, 

dp^i +ip_.ip+ ^pow - ]^p-ih2UJ = 0. 

Differentiating the coefficients of F would mean applying this structure equation from now on. 
Step 1. Assume the initial condition, 

Po = 0. 

By the metric duality, this is equivalent to that F vanishes on the minimal surface x. 
Step 2. Differentiating pQ = 0, one gets 

P±i = 0. 

At this stage, the polynomial is reduced to F = p^es. 
Step 3. Differentiating p±i = 0, one gets 

P3h^2 = 0. 

• If the structure functions h±2 do not vanish identically, ps = and the minimal surface does not 
support a nonzero degree 1 polynomial vanishing on the surface. 

• If h±2 = identically, the minimal surface is congruent to a part of the totally geodesic sphere. 
Example 12.131 The structure equation (|3.7p is reduced to dps = 0, which is compatible. 

Fix a point xq on the minimal surface. Choose an orthonormal coordinate {xq, xi, X2, X3 } of E so 
that one has the following identification at xq by the metric duality. 

eo = xo, 

E±i = ^(xi Tix2), 
63 = X3. 

Up to scale, one may assume p^ = 1. The degree 1 polynomial F is given by 

F = X3. □ 

3.3. Degree 2 algebraic minimal surfaces. In this section, we give a characterization of degree 2 
algebraic minimal surfaces. 

Theorem 3.8. Let x : M C E 6e an algebraic minimal surface of degree 2. Then the structure 

functions satisfy 

1 - /12/1-2 = 0, 
h±3 = 0. 

The minimal surface is congruent to a part of Clifford torus. For an orthonormal coordinate 
{xq, xi, X2, X3 } of E, the surface is defined by the quadratic polynomial 

F = xqXs - X1X2. 
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Proof of theorem is presented below in 5 steps. 

Let us write a real, homogeneous degree 2 polynomial F G S'^(E) in terms of the frame e^. 

F = Pofiel + 2po,3eoe3 + ^3,36! 

+ 2 rcieo-Ei + 2 tq -leo-E-i + 2 r^^^ie^Ei + 2 rs ^lesE'-i 
+ 4ri,iEi2^8ri,_i^iE_i +4r_i,_iE2i S ^^(E). 

We implicitly assume the appropriate conjugation relations among the coefficients so that F is real, i.e., 
^0,-1 = ^\)^) etc. The equation dF = is equivalent to the following set of structure equations for the 
polynomial coefficients. 

(3.9) (ipo,o - ^^o -iw - ro,ia; = 0, 

t^Po,3 + ^ (-?'3 -1 + /i2?'o,i)w + ^ (-^3,1 + /i_2ro = 0, 
C^P3,3 + ^2^3,1^ + /l_2?^3 -l'^ = 0, 

<3^?'o,i - 1^^0,1^+ (Po,o - 2ri _i)a; + (- /i_2Po,3 - 2ri,i)a; = 0, 
dro_i +iro_i/0+ (po,o - 2ri _i)ZI; + (-/i2Po,3 - 2r_i_i)a; = 0, 

'3^?'3,l - 1^^3,1^+ (P0,3 + 2/l2ri,i)tJ+, (- /l_2P3,3 + 2/l_2n -l)^^ = 0, 

drs _i + irs (po,3 + 2 /i_2?'-i -i)^^ + (- /i2P3,3 + 2/i2ri = 0, 

dri,i - 2 i n^ip + ^ rciw - ^ /i_2r3,itJ = 0, 

c^n -1 + ^ ( ^'o -1 - h2n^i)uj + ^ ( ro,i - /i_2?'3 -1)^ = 0, 
dr_i _i + 2 i r_i _ip + ^ ro,-i^ - ^ h2r-i-iuj = 0. 

Differentiating the coefficients of F would mean applying this structure equation from now on. 
Step 1. Assume the initial condition, 

EqiA : Pofl = 0. 

By the metric duality, this is equivalent to that the quadratic polynomial F vanishes on the minimal 
surface x. 

Step 2. Differentiating po,o = 0, one gets 

-£^^2,1 : ^^o,! = 0, 
£■^2,2 : ^-o,-! = 0. 

Step 3. Differentiating ro,±i = 0, one gets 



(3.10) £^3,1 

-6^93,2 
-^93,3 



h-2Po,3 + 2ri,i = 0, 
ri,-i = 0, 

h2Po,3 + 2r_i _i = 0. 



One may solve for {ri^i, ri^_i, r_i^_i } from these equations. 
Step 4. Differentiating (j3.10p . one gets 

(3.11) S(?4,i : /i2 r3,i = 0, 

Eq4,,2 ■■ h-2 rs-i = 0. 

Since the minimal surface has degree 2, h±2 do not vanish identically, and this implies r3^±i = 0. 
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Step 5. Differentiating (j3.1ip . one finally gets 

Eq5,i ■■ h2P3,3 = 0, 
Eq5,2 ■■ h-2P3,3 = 0, 
Eq5,3 ■ (1 - /l2/l-2)P0,3 = 0. 
As in Step 4, h±2 does not vanish identically, and ^3^3 = 0. At this stage, the quadratic polynomial 
F is reduced to F = 2po,3(-eoe3 + h^2Ef + h2E'^_^). 

• If the curvature (1 — /i2/i-2) does not vanish identically, po,3 = and the minimal surface does not 
support a nonzero degree 2 polynomial vanishing on the surface. 

• If 1 — /i2/i-2 = identically, the minimal surface is congruent to Clifford torus. Example 12.151 The 
structure equation p.9p is reduced to (ipo,3 = 0, which is compatible. By the existence and uniqueness 
theorem of ODE, there exists up to scale a unique nonzero quadratic polynomial that vanishes on Clifford 
torus. 

Fix a point xq on Clifford torus. From the compatibility equation 1 — /i2/i-2 = 0, one may adapt the 
frame at xq so that h±2 = 1. Choose an orthonormal coordinate {a^o, xi, X2, X3 } of E so that one has 
the following identification at xq by the metric duality. 

eo = xo. 

El = ^(xi -ix2) exp(i^), 

E-i = ^(xi + ix2) exp (-i^), 
63 = X3. 

Up to scale, one may assume po,3 — ~\- The degree 2 polynomial F is given by 

F = X0X3 — X1X2. □ 

Comparing the analysis for degree 1, and degree 2 minimal surfaces, it is evident that the analysis 
for higher degree algebraic minimal surfaces would follow the same path, but that the computational 
complexity would increase due to possibly the large number of terms involving the higher order structure 
functions h±2 , h±3 , . . . @ We shall show in the next section that the required differential analysis is 
manageable for the degree 3 surfaces, and one may recover the Perdomo's result essentially by local 
analysis. 

4. Degree 3 algebraic minimal surfaces 

In this section, we give a local analytic characterization of degree 3 algebraic minimal surfaces in S^. 

Theorem 4.1. |Pe2j Let x : M S'^ C E 6e an algebraic minimal surface of degree 3. Then the 
structure functions satisfy 

hlhl^ + h\hl = 0, 

/l3/l_3 + 4/1^/1^2 +4/12/1-2 = 10(/l2/l-2)^. 

For an orthonormal coordinate {xq, xi, X2, X3 } of E, the surface is defined by the cubic polynomial 

F = -2 X0X1X2 + X3(x^ - X2). 

a) X is the conjugate surface of a principally bi-planar minimal surface. It has the Killing nullity 1, 
and there exists up to scale a unique Killing vector field of SO4 that is tangent to x. 

b) The curvature of the minimal surface takes values in the closed interval [—3, |]. 



This does not necessarily mean that the higher degree algebraic minimal surfaces are characterized by a set of higher 
order equations. But the differential analysis itself does require manipulation of the higher order terms. 
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The minimal surface defined by the above cubic polynomial is one of the infinite sequence of algebraic 
minimal tori constructed by Lawson, \La\ p350]. 

Remark 4.2. Given the degree 3 algebraic minimal torus, one may ask if the conjugate surface, which 
is principally bi-planar, is also algebraic. An analysis indicates that this conjugate minimal surface does 
not close up to become a torus. 

Perdomo first gave the characterization of degree 3 algebraic minimal surfaces in S^, |Pe2| . One of 
the main idea of his analysis is that such a minimal surface necessarily contains a great circle, and 
that the gradient of the defining cubic polynomial vanishes at a point on the great circle. This puts 
the cubic polynomial into a special normal form. By applying the minimal surface equation p.2|) . 
the characterization is reduced essentially to solving a set of algebraic equations among the constant 
polynomial coefficients. 

The analysis for the degree 3 case proceeds similarly as for the degree 1, and the degree 2 cases treated 
in the previous section. On the other hand, a cubic polynomial on E = has 20 coefficients. The 
computational complexity increases as degree increases, and one has to take higher order derivatives in 
order to access the compatibility equations for a minimal surface to be algebraic. For the degree 3 case, 
the analysis requires differentiating six times. 

Proof of Theorem 14.11 consists of two parts. In the first part, a preliminary analysis is done to reduce 
the number of independent polynomial coefficients from 20 to 6, Section 14.11 After differentiating four 
times, the analysis divides into two cases depending on whether a certain structure invariant of the 
minimal surface vanishes or not. In the second part, we carry out the differential analysis for each case 
under the appropriate assumptions on the structure functions. Section l42l Section l43l 

For the rest of the paper, we assume h±2 7^ 0, 1 — /i2/i-2 7^ 0, and h±3 ^ to exclude degree 1, and 
degree 2 algebraic minimal surfaces. 



4.1. Preliminary analysis. Let us write a real, homogeneous degree 3 polynomial F G S'^(E) in terms 
of the frame e^, ([2771) . 

(4.3) F = poel + piele^ + ^26063 + ^363 

+ 8 qoEl + 8 qiEfE^i + 8 q2EiEl^ + 8 qsE^^ 

+ 2ro,ieg^i + 2ro,_ieg^_i 

+ 2ri,ieoe3£'i + 2 n _ieoe3£'_i 

+ 2r2,ie^^i + 2r2,_ie^^_i 

+ 4ro,2eo-E^ + 4ro,oeo-Ei^_i + 4ro,_2eo-E^ 1 

+ 4ri,2e3-E? + Ari^oCsEiE^i + Ari^^iesEl^. 



We implicitly assume the appropriate conjugation relations among the coefficients so that F is real, i.e., 
^■o -1 = WJ, etc. 

F € 5''^(E) is a constant cubic polynomial. Differentiating (|4.3p by Leibniz rule, the equation dF = 
is equivalent to the following set of structure equations for the polynomial coefficients. 
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(4.4) dpo - ro._ic^' - ro^iU = 0, 

dpi + (-ri _i + /i2ro,i) + + /i_2ro _i) aJ = 0, 

(ip2 + (-^^2-1 + /i2n,i) w + (-r2,i + /i_2ri _i) a; = 0, 
dp3 + h2r2,iu) + h-2r2-\u = 0, 

dgo - 3igoP + ^''0,2^ - ^^-2r'i,2W = 0, 
dgi - i gip + ^ ( ro,o - ^2^1,2) + ^ ( ''0,2 - /i-2n,o) w = 0, 
c?g2 + i g2P + ^ ( r-0 -2 - /i2r-i,o) + ^ ( '^o.o - /i-2ri -2) oJ = 0, 
dg3 + 3ig3/9 - ^/i2ri -2^ + ^ro-2oJ = 0, 

- iro,ip+ ^ (-2ro,o + 3po)w + ^ (-4ro,2 - h-2Pi)uj = 0, 

dro-i +iro_i/9+ ^ (-4ro-2 - h2Pi)u; + ^ (-2ro,o + 3po)^^ = 0, 

cZri,i - i ri,i/9 + (- ri,o + pi + 2 /i2r-o,2) ^ + (-2 ri,2 - /1-2P2 + ^-2r'o,o) = 0, 

dri _i + i ri + ( -2 n _2 - ^2^2 + ^2?'o,o) w + (- ri,o + pi + 2 ^_2ro -2) w = 0, 

dr2,i - i r2,ip + ^ (p2 + 4 ^2^,2) w + ^ (2 /t_2r'i,o - 3 /i_2P3) w = 0, 
dr2 -1 + i r2 -ip + ^ (2 /i2r-i,o - 3 /12P3) ^ + ^ (P2 + 4 /i_2ri -2) a; = 0, 

dro,2 - 2 i ro,2P + {- Qi + ro^i) ^ + ^ ("^ go - ^-2n,i) uj = 0, 

dro,o + ^ (-4^2 - /i2n,i + 2ro_i)a; + ^ (-4(71 - /i_2ri _i + 2ro,i)tJ = 0, 

dro -2 + 2 i ro -2P + ^ (-6 53 - /i2r-i _i) a; + (- 52 + J'o-i) oO = 0, 

dri^2 - 2 i ri,2P + ^ ( r-i,i + 6 h2qo) u + {- h-2r2,i + h-2qi) aJ = 0, 

dri,o + ^ ( r-i -1 + 4 h2qi - 2 /i2r2,i) + ^ ( '^i,! + 4 ^-2^2 - 2 h-2r2-\) a; = 0, 

dri _2 + 2 i n _2P + (- h2r2-i + /i2g2) + ^ ( '^i -1 + ^ ^-293) = 0. 

Differentiating the coefficients of F would mean applying this structure equation from now on. 

The preliminary analysis consists of the following 5 steps. The condition that F vanishes on the 
minimal surface serves as the initial condition for the ovcr-dctcrmined PDE analysis. By successively 
applying the above structure equation, we reduce the number of independent polynomial coefficients to 
20 — 14 = 6. The reduction process stops at Step 5, where the analysis divides into two cases. 

Step 1. Assume the initial condition 

^91,1 : Po = 0. 

By the metric duality, this equivalent to that the cubic polynomial F vanishes on the minimal surface x. 
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Step 2. Differentiating po = 0, one gets 

Eq2,i ■ ro,i = 0, 
Eq2,2 ■■ ro-i = 0. 

Step 3. Differentiating ro,±i = 0, one gets 

(4.5) £^3,1 : ^/i-2Pi +2ro,2 =0, 

Eq3,2 ■ rofi = 0, 

-^^3,3 : ^ h2Pi + 2ro _2 = 0. 

One may solve for {ro,2,?"o,05 ^^0,-2 } from tliese equations. 
Step 4. Differentiating (|4.5|) . one gets 

(4.6) Eq4,i:2q2 + ^h2n^i=0, 

EqA,2 ■.2qi + ^ /i-2?'i -i = 0, 

1 3 

Eq4,3 : 6^0 + ^Pi^s + ^ /i-2n,i = 0, 

1 3 
-Eg4,4 :6q3 + -pihs + - /i2ri -i = 0. 

One may solve for {qo, qi, q2, qs} from tliese equations. 
Step 5. Differentiating (14. 6p . one gets 

(4.7) ^95,1 : 2 /isn.i + 6 /i2ri,o + (- /i2 + /ii/i-2)pi = 0, 

Eq5,2 : /l-2n -2 + /l2n,2 + ^ /i2/l-2P2 = 0, 

E'gs^s : 2 /i-3n -i + 6 /i-2n,o + (- h-2 + /i-2^2)pi = 0, 

£'^5,4 : 12 h^shlrifi + 6 Hh?_2n-2 - 6 /i-2/i3/i2n,2 + (-/i3^2/i-4 - 2 /1-3/12 + 2 h^3hlh^2)pi = 0, 
E'gs^s : 12 ( /i3/i!.2 + hi^h^) ri^ + (-/i3/i^2^-3^4 " 2 /i3/i^2 + 2 /ii/ii2^2 - h^^hlhsh^^ 

- 2 /l?^3/l^ + 2 /l^3/l^/l_2)pi = 0. 

Since we are assuming that the algebraic minimal surface has degree 3, both h±2, /i±3 do not vanish 
identically, otherwise the algebraic minimal surface would have degree 1, or 2 by Theorem 13. 6| Theorem 
13.81 One may thus solve for {ri^i, p2, ?'i,-i,?'i,2 } from {£'^5^1, £(75, 2, Eq^^^, Eq^^^ }. Note that £^(75,5 is 
equivalent to £(75,4 modulo Eq^^^. □ 

At this step, the analysis is divided into the following two cases. Set 

(4.8) A+ = hl^hl + hlhl^, 

A4 = /l2/l?.3/l4 — /l_2/i3/i-4. 

• Case Aj^ = 0, Section 14.21 It will be shown that the degree 3 algebraic minimal surface in Theorem 
14. II belongs to this case. The minimal surfaces with A^ = are the conjugate surfaces of the principally 
bi-planar minimal surfaces. A minimal surface in S^ is principally bi-planar when each of its principal 
curves is planar, [Yaj . The principally bi-planar minimal surfaces are characterized by the equation 
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Both of the A^^-nuh minimal surfaces belong to the wider class of the 
cohomogeneity 1 minimal surfaces, |HsL|, p32]|j 

• Case Ajj" ^ 0, A4 = , Section [4.31 The analysis shows that for a minimal surface with ^ 0, the 
fourth order equation A4 = is a necessary condition to be algebraic of degree 3. But, a further analysis 
shows that the resulting structure equation is not compatible, and there does not exist any degree 3 
algebraic minimal surfaces in this case. 

In the following two sections, we present the differential analysis for each case. 

4.2. Case h^2^3 + ^2^-3 ~ 0. In this section, we show that, up to motion by SO4, there exists a unique 
degree 3 algebraic minimal surface in that satisfies = /iil2^3 ~^ ^2^-3 = 0. 

We first determine the structure equation for the minimal surfaces with Ag" = 0, Section r4.2.1[ A first 
integral J is defined, (|4.10p . and it follows that there exists locally a one parameter family of Ajj'-null 
surfaces. We then continue the analysis of Section [4. II and show that exactly one of the Aj^-null surfaces 
is algebraic of degree 3, Section 14.2.21 

4.2.1. Structure equation. Let x : M S^ be a A^^-null surface. Differentiating = 0, one may solve 
for h±4 and get 



(4.9) 



1 /i|/i_3(-2 /i2/i_2 + 2 hlhl^ - 3 hsh^s) 

Ha = 5 . 

2 hshl^ 

h-A = Ha. 



Here we assume h±2^ ^±3 are nonzero. A direct computation shows that the structure equation is 
compatible with this relation, i.e., (Ph±3 = is an identity. 
Set 

(4.10) J = lM-3 + 4^2/.-2 + 4/.i/.^_,)^ J ^ ^ 

8 (/l2/l-2)2 

Then dJ = 0, and J is a first integral for the Ajj'-null surfaces. 

We claim that J G (1, 00), and that /12 is nowhere zero. Let us denote |/i2| = a, {h-^l = b. The 
equation (|4.10p is written as 

(4.11) b'^ + 4a^{l + a^ -2Ja) =0. 

This implies that J > 1, and that either a = 0, which is excluded, or a takes values in the closed interval 
[J — — 1, J + — 1]. When J = 1, one has that a = 1, 6 = 0, which is also excluded. 

The structure equations (|4.9p and (j4.10p will be used implicitly for the analysis in the next subsection. 

4.2.2. Differential analysis. We now continue the analysis of Section [4. II Due to their lengths, the exact 
expressions for Eqq^i, EqQ^2, Eqq^^, EqQ^^; Eqj below will be postponed to Appendix. 
Step 5'. Assume A^ = 0. Then ([i79]) implies that Eq^^^ = 0. 

Step 6. Differentiating (14. 7p and equating modulo A^ = 0, one gets a set of four independent 
equations {EqQ^i, EqQ^2, Eq^^^, EqQ^4}{see Appendix). One may solve for {ri^, r2,i, ?"2,-i''i,-2 } from 
these equations. 

Step 7. Differentiating EqQ^i, one gets Eq^i^see Appendix). One may solve for from this equation. 
At this step, pi is the only remaining independent polynomial coefficient, and it satisfies the structure 
equation, (14. 4j) . of the form 

dpi = 0, mod pi. 



One may verify this by a straightforward moving frame computation. We omit the details 
One may verify by direct computation that the cohomogeneity 1 minimal surfaces in a 
of fourth order equations A4 = 2/i2/i?.3/i4 — h3h-3{3 hsh-s + 2/12/1-2 K) = 0, Aj = A4 = 0. 
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From the uniqueness theorem of ODE, if pi vanishes at a point of the minimal surface, it vanishes 
identically, which implies the cubic polynomial F vanishes. We therefore assume pi is nowhere zero 
from now on. 

Step 8. Differentiating the remaining equations {EqQ^2, Eqq^s, EqQ^^; Eq-j }, one gets a single compat- 
ibility equation, up to scale by non-identically zero terms; 

(8J + 10)(8J - 10) = 0. 

Here J is the first integral ()4.10p . Since J > 1, one must have 

(4.12) J = ^. 

Moreover, a direct computation shows that <i^pi = is an identity with this relation. 

By the existence and uniqueness theorem of ODE, there exists up to scale a unique nonzero cubic 
polynomial that vanishes on the Ag'-null minimal surface with the first integral J = f • 

Fix a point xq on the minimal surface. Choose an orthonormal coordinate {xq, xi, X2, X3 } of E so 
that one has the following identification at xq by the metric duality. 

Co = xi, 

El = ^{xo -1x2) exp(i^), 

E^i = ^{xo + 1x2) exp (-i^), 
63 = a;3. 

Up to scale, one may assume pi = | at xq. From the analysis of Section [4.2.11 |/i2| = a takes values in 
the closed interval 2]. Evaluating lima^2E with /i2 = a, the degree 3 polynomial F is given by 

(4.13) F = -2 X0X1X2 + xsixj - xl). 



4.2.3. Proof of Theorem \4-l\ 

a) From M.lSh . set zi = 2:3 + ixo, Z2 = xi + 1x2- Then F = Re{ziZ2)- It is clear that F is invariant 
under a subgroup SO2 C SO4. It is known that a minimal surface in S^ with Killing nullity > 2 is either 
the totally geodesic sphere or Clifford torus, [HsL] . 

b) By definition of the first integral J in (|4.11|) , | /12 1 = a takes values in the closed interval [ ^ , 2 ] . 
The curvature is given hy K = 1 — a^. □ 

4.3. Case h^2^3 + ^2^-3 7^ 0- ^^^^ section, we show that there does not exist a degree 3 algebraic 
minimal surface in S^ with the property that = /i'L2^3 ^2^-3 ^^t identically zero. 

The analysis will show that under the condition ^ 0, a degree 3 algebraic minimal surface neces- 
sarily satisfies a fourth order equation A4 = /i2/i?_3^4 — /i_2/i3^-4 = 0. We first determine the structure 
equation for the minimal surfaces with A4 = 0, Section 14.3.11 We then continue the analysis of Section 
14.11 and show that none of the A4-null surfaces is algebraic of degree 3, Section [4.3.21 

4.3.1. Structure equation. Let x : M S^ be a A4-null surface. Differentiating A4 = 0, one may solve 
for h±^ and get 

5 h-2h\h-^ - 7 /i^2^3^-3^2 + 4 hih-ih2,h-2 - 4 hih-^h2h-2 + 4 /i4/i_3/i2^^2 ~ 2 h^h'^nhs 
= ^2 ' 

/l_5 = /15. 

Here we assume h±2, ^±3 are nonzero. A direct computation shows that the structure equation is 
compatible with this relation, i.e., (Ph±4 = is an identity. 

The structure equation (|4.14p will be used implicitly for the analysis in the next subsection. 
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4.3.2. Differential analysis. We now continue the analysis of Section [4.11 Due to their lengths, the exact 
expressions for Eqq^i, EqQ^2, Eqe^s; Eqj below will be postponed to Appendix. 
Step 5'. Assume Ajj" ^ 0. One may solve for ri^ from Eq^^^. 

Step 6. Differentiating Eq^^i, Eq^^2 from (|4.7p . one gets a set of three independent equations 
{ii^gg^i, i?(76,2, -^(76,3 }(see Appendix). One may solve for {r2,i, ^-1,-2; ?'2,-i } from these equations. 

Step 7. Differentiating Eq^^i, one gets a single equation Eqi{see Appendix). One may solve for 
from this equation. 

At this step, pi is the only remaining independent polynomial coefficient, and it satisfies the structure 
equation, (|4.4|) . of the form 

dpi = 0, mod pi. 
As in Section [4.2.21 we assume pi is nowhere zero from now on. 

Step 8. Differentiating Eq^^4, Eq^^^ from (j4.7p . one gets a set of two equations, which allow one to 
solve for h±^{see Appendix). Note that we have not assumed A4 = yet. 

At this step, we observe that the coefficient p^ is real. Evaluating — = with the relations 
obtained so far, one gets the following compatibility equation; 

A4 A^ = 0, 

where 

A4 = (-4 hlh\h_2 + 3 h2hi2h-4 + 10 ^12^-3 - 3 hlh^2h-4 + 3 hlh4ht2 - 3 /i2/i-2/i4 
- 4 /l2/li2^3 + 10/1^2^1) • 

A short analysis shows that A4 vanishes only when /13 = 0, which is excluded. Hence a degree 3 algebraic 
minimal surface with Ag" ^ must satisfy A4 = 0. 

We assume the structure equations (j4.14p from now on. 

Step 9. The cubic polynomial F, (j4.3p . is real. Evaluating F—F = 0, one gets the single compatibility 
equation 

{-hl2hl + hlhl^)Al = 0, 

where 

A4 = 3 h2h^3hl + (3 hlhshi^ - 3 /i2/i3/i-2 - 4 h^^hfjhi - 4 h\h2hl + 10 h^2hl. 

A further differential analysis shows that {—h?-2h^ + ^2^-3) vanishes only when /13 = 0, which is 
excluded (the differential analysis for this case is a little evolved, but straightforward. We shall omit the 
details). Hence a degree 3 algebraic minimal surface with A^ ^ must also satisfy A4 = 0. 

Step 10. Differentiating £'^6,2 modulo A4 = 0, one gets another single compatibility equation, up to 
scale by non- identically zero terms; 

EqiQ^i : (3/12/1-2 - 2) /14 - 4/i^/i_2 = 0. 

Comparing E'gio.i with A4 = 0, one gets 

Eqio,2 : 39 hjh'i^ - 56 /i2/i-2 + 20 + 16 h^h^^ = 0. 

Differentiating this equation again, one gets 

Eqio-i : 93 hlhi2 - 122 /i2/i-2 + 40 + 32 h^h^s = 0. 

£'gio,2 and -E(?io,3 are compatible only when h±2 = 0. □ 
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Appendix. 

We record the exact formulae of the long expressions omitted in the main text. 

A-1. Section [13] 

Eqe,! : (-6 hl + 6 /i|/i_2)ri^o - 6 h\h^2h^i'2-i + 4 h\h^2ri-2 

+ {hlh^_2 - h2h-3h3 + hl-2 h\h-2)pi = 0, 
EqQ^2 ■■ (36 hlht2h-zh-i - 36 /i^/ii2/i-3/i3)r-2,i + (54 h^_^hlh^2hz + 72 hlht^hl 

- 72 hjh^hl + 36 h^_^hlh\ + 48 h^^hlhlhi^ - 36 /i^3/i^/ii2)?'2 -i 
+ (-36 h%hlh.2hl - 32 /il/iia/^-s + 24 hlh^^^hl2hz 

- 48 /l2^i^-2 + 48 /ii/i^2/i2 - 24 /l2/i^3/l3/l-2)^l,-2 

+ (-6 hlh%h^_2 + 8 hlh^^^hlh^_2 + 6 hl^hlh^2 + 10 hlh^^2h~3hl 
+ 9 /i^/iig/ia - 2 h^hlh.^hl - 8 h^ht2h-^hl)pi = 0, 
-5^^6,3 : (-36/i|/i^2^3 + 102/ii3/i^/i_2/i3 - 36/1^3/1^/1^2 

+ 36 hlh^_2hl + 36 hL^hlh^ + 48 /i_3/i^/i|/ii20^2,-i 

+ (24 hlh^2hl - 24 h2hlht.2 - 48 hih^_^h^hi2 

+ 48 /i^/i^ 3/1^2^3 - 68 h%hlh_2hl - 32 /i|/ii2^-3)n -2 

+ (14/l|/i^3/l|/l^2 - 6/l2^/l3/l?.2/l^3 - 6/l^/l_3^/l?.2 + 6/1^/1^2/^-3/1! 
+ 17/l^/li3/l3 - 6/1^2/12/1-3/13 + 6/l^3/i7/j_2)pi = 0, 
£^^6,4 : (-12/i?_3/i^/i|/i^2 + 108/113/1^/1^2/13)^,-2 

+ (-12 hfht^hl2 + 42 hlht^h\ + 34 hlh%h-2h-i - 30 /i^/i_2/ii3 

- 12 /i^/i^ 2/1-3/13 - 85 /12/13/1-3 + 24 hi^hlh^2hl 

+ 34 hlh%hlht2 - 12 hlh^_^hlht2 + 18 /i^/iL2/i-3/ii 

- 34/1^/1^3/1^/1^2 - 18/1^2/13/12 - 24/i^/i^/i?_2/ii3 - 27/1^/1^2/1-3 

+ 18 /1I/1I2/I2 + 9 /l-3/l3/l^2/l2)Pl = 0, 

£^57 : (-1458/1^/1^2/1-3/13 + 162/1^/1^2/13/1-3)^3 

+ (108 /i|/il°2/i^/i_3 + 894/1^/1^2/1^3/13 + 294/12^/1^2/11/1-3 

- 762/i|/i33/ii3/ii2 + 452/1^/1^/1^3/1^2 - 72/1^/1^2/1-3^/13 + 216/i^°/i^2/i-3/i3^ 

- 192/1^/1^2/13/1-3 + 306 /i^^/il3/i!/i_2 - 216/1^^/1^3/1^2/1! 

- 216 h^hlhlh^^ + 72 /l^2/j3_^/i_2®/j2 _^ /j5/j7 _^/j5/j_32 

- 348/i2°/i^2/i3/i-3 + 1092 hfht:ih^h\ - 312/12^^/1*^3/13/1^2 

+ 72 /i^/i^2/i„3/i2 - 216 /i^/ii/i^3/i_2^ + 108 /i|/ii2/i2/i-3 " 1130 h_^^hlhlh?_2 

- mh\hlh%ht2 + 144/il°2/i3^/i-3/ii - 780 hfh%hzh-2 

+ 374/1I/1L2/13/1-3 - 435 /i|/ii3/i^2/i2 + 144/i_2^°/i|/ii 
+ 432/i^3;j5^^/j3^^ _ 765/ii0/i7^/i2 _ l44/i3^/il\/i^ 

+ 72/1^3/1^2/12^ - 216/1^/1^2/1-3 - 324/i_35/i^^/ii2 - 180/i^2/j^^/j^^)p^ ^ 0. 
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A-2. Section [43] 

Eqe^i : (36/i^/i^3 + 36/i^/i|/i^2)^2,i 

+ (-10 /i^2^3 + 6 hlhih^2h-i + 6 h^hih2h^^2 - 6 h-ihih2^ht2 - 3 /i2/i^2^4^-3 

/10 /10 00 00 Q 

- 6 /l2/l3/l_2^-4 + 10 h^h2h_^h^2 + 4 /l3/l_2^4^-3 + 4 /l2/l-3/l3/l-4 — 3 /I2/I-3/I-4/14 

- 10/13/1^/1^3 + 10/l2/li2^3)Pl = 0, 

£^'?6,2 : (-8/1^/13/1-2/1^3 - 8/ii/ii2)n,-2 + {I2hlhl^h^2 + I2hlht2hl)r2,^i 

+ (/l2/l-3/l-2^4 + 2/12/1-3/13/1^2 - /I2/I-2/I-4/I-3 - /l2^-3/l-2^4 + /I2/I-4/I-3 

+ 2/1^/133)^^ = 

S(76,3 : (36 /i^/ii2/i-3/ii + 36/1^/1-2/1^3)^2,-1 

+ (6 /l^ 3/12 - 3 /l2/li2^4^^3^-3 + 3 h%hih2hl - 3 /li2/l4/li/l-3 + 4 /li2/l4/l3/l-3 

+ 3 /i^2^4^2^-3^ + 10 /i2/ii/i?-3/i-2 " 3 h^ihlhlht2 - 10 /i|/i-2^ + 4 hlhih%h-ih^2 
+ 4 /i|/i^2^2 - 10 h\hlh_^'^hl - 3 hlh^^h^h^h^ihi - 3 h^ihlh\h^2 
+ 3 /i^/i_4/i^3 + 3 h-ihlhlht2 - 3 /i-2^4/i2^i)pi = 0, 
£;g7 : (216 h^2hlht^ + 432 /ii/ii2^i^-3 + 216 hjh^2'^hl)p3 

+ (20 hlh%h2 + 40 /13/12/1-3 - 36 /i|/i-4/i3/i^ 2^4/1-3 + 18 /i2/i3/ii2^4^-3 

+ 18/l2/l?_2^4^-3/l~4 - 12/12^/1^.4/14/11/1^2 - 12/12/1^2^4/1-4^3 - 60 /li3/l2'^/l3/l-2/l-4 

- 68 hlh^_2h-4hlh_s + 12 hlh^_2h^h^:i^hlh^i + 32 hlh_2hlh4,hi^ 

+ 8 /ii/ii2/i4/i-3^/i2 - 48 hlh\hlh^_^h_i + 44 /i|/ii/ii2^-4/i-3 + 54 h^h^h^h^hi 

- 66 h%hlh^_2h^hi + 36 hlh^ht2hAh-Ah-^ - 18 hlh3h^2f4h^s - 16 /i^/i^2^2/i-3 
+ 24 hlh^_2hth% + 38 hlhlh^hAh^s + 24 /i3/i„2/i2^-5/i-3 + 54 hlh^h^h^h-^ 
+ 16/i^/i^2^4^-4 - 2Ghlh^_^hlh\ - 24.h_2hlhlh% - 16 /i|/i^ 2^4^-3 

- 12 hlh^_2hlh-3h4h_5 - 50 hlh^__2h4,h^3h2 - 24 h^h^hlh^^h^^^ + 24 ht^^lh-Ah^-i, 
+ 16 hlhlh\h^_2 + 15 hlh^_^h\hA + 40 hlh^hlht^ + 16 /i^/i^/i^g/i^s 

+ 36 hzhlh%h-i + 24 h3^ht2hlh^5 - 48 h\hlh-ihl,^ - 24 hlh^h^h^r^ 

- 54 /l3/l_2/l2/l^4/l-3 +48/13^/1^2^2^4 " 48 /li2^2^/l4/l-3 - 24 /l|/l^2^2^-4 

+ 48 hlh^_2hlh-i - 24 /i32/i^2^2^4 + 52 /il/i-2^/i2/i-3 - 32 /il/ii2^2^/i^ 3 
+ 24 /i^2^2^4^-3^ - 12 /12/1-3/14/1-5 + 16 /i3/ii2^2^-3^-5 " 24 h^2hAhlhl 
+ 3 hlht2hlh^_3 + 24 h^Ahlh^_.^h^2 + 24 /i_2^/i4/i2^-3 - 20 h^h^^ h^_^h% 

- 24 /l_4/l^/l|/li2 - 40 /li3/l^ - 16 hlh^3*hi2 + 40 /l|/li2^-3 + 56 /l-2/l2/li3 

+ 68 hlh^_2h2^ - 88 /i|/iL2/i2)Pi = 0. 
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Step 8 in Section 14.3.21 formulae for /i±5: 



30 hfht^ - 12 hlht2hlhih'i^ + 20 /i3^/i^2^2^-3 - 14 hlh^^hl^h' 
40 /i^/iig/ii/i^s - 15 hlht^h\hi + 4 hlh'i2h4h^3 + 15 /i2^°/i-2/i-4/ii 



4 ^ 



3 



4 

3 



3 h2h_?,h'_2hlhl - 30 hlh.^^h^h^^h^h^ + 3 hlht^^lh^h. 



+ 3 /i^/i^/i_2^/i-4 + 3 h2hih^_2h4 - 50 h2^hi^hjht2 + 15 hlh?_2hAh 
- 3 hlhlh-2^hi - 3 hihjhl^h-A - 15 /i^/i_4/ii3 + 4 /i2/i3/i-2^ 
+ 12 hlh^_.ihlh^_2h-A + 20 hAh%hlhlht2 - 20 hAh%hlh3h^2 

-3), 

= l2hlh,h.2{hlhU + /^3 (-12/^2/^-2/^4/^1 + 30/^_3/.i/^3/^3 ,/.„4/^4 

+ 12 hlht2h-ihl + 50 h^_^hlhlh^_2 - 4 hlh^hih^s - 40 h'ih^_2h%hihl 

+ 10 /i^/i'Lz - 12 hjht^h-Ah^^ - 12 hlh%hih^_.^ + 3 h2h%hlh:>,h^:i + 10 h^_^h2'^ht2hl 

+ 27 /l_3/l^/l3/l_2/l^4 + 40 /l^/lig + 12 /l^/li2/i4/i-3 " 12 /l^/l_2/l-4/i^ 3 " 16 fit^hlh^h^i 

+ 12/12/1*^2/14/1! + 12/1^/1^2/1-4/^-3 - lQht^hlh-2 + 26/13^/1^2/12 + 20h^3hlhlh^4h^_2). 
Note that /i_5 7^ /is in this formula, /i^s — /15 = gives an integrability equation which is quadratic in 

/14, /l_4. 
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